Solar neutrino physics enters the stage of precision measurements. In this connection we present the precise analytic description of the neutrino conversion in the context of LMA MSW solution of the solar neutrino problem. Using the adiabatic perturbation theory we find an analytic formula for the survival probability which takes into account the non-adiabatic corrections and the regeneration effect inside the Earth. The probability is averaged over the neutrino production region. We find that the non-adiabatic corrections are of the order 10 −9 − 10 −7 . Using the formula for the Earth regeneration effect we discuss features of the zenith angle dependence of the ν e flux. In particular, we show that effects of small structures at the surface of the Earth can be important.
Introduction
The LMA MSW solution [1, 2] has been identified [3] − [15] as the correct solution of the solar neutrino problem. The 2ν conversion probability of the LMA solution gives very good description of all available data: no statistically significant deviation from this solution has been found so far. New physics effects beyond LMA, if exist, are below few per cent.
The program of future solar neutrino studies includes 1). Further tests of the LMA solution, in particular, searches for signatures of this solution such as the Day-Night asymmetry and the distortion ("upturn") of the boron neutrino spectrum at low energies.
2). Precise determination of the oscillation parameters, especially the 1-2 mixing angle.
3). Searches for the sub-leading effects which originate from -1-3 mixing, -sterile neutrino mixing, -non-standard neutrino interactions, -spin-flavor flip in the magnetic fields of the Sun, -violation of the fundamental symmetries (CPT, equivalence principle, etc.).
Already the present solar neutrino measurements have sensitivity at the level of few per cent. For instance, the predicted day-night asymmetry of the signal at SuperKamiokande is about 2% which is comparable with the 1σ experimental error to the present accuracy [6] . At SNO one expects the 2−4% asymmetry which is also consistent with the experimental result [3] at the 1σ level.
Future experiments may have substantially higher sensitivity [16, 17, 18, 19] . The solar neutrino studies enter the stage of precision measurements.
In this connection it is important
• to give precise description of the LMA conversion, both in the Sun and in the Earth, taking into account various corrections;
• to estimate accuracy of the approximations we use;
• to find precise analytic expressions for probabilities and observables as functions of the oscillation parameters (∆m 2 , sin 2 θ 12 ). This will help to test the LMA solution and to search for the physics beyond LMA.
The paper addresses these issues and its plan is as follows. In section 2 we will consider the non-adiabatic corrections to the LMA conversion probability. We calculate these corrections for propagation inside the Sun and in the Earth. In section 3 we obtain the analytical formula for the probability averaged over the distribution of neutrino sources. In section 4 we derive the analytic formula for the regeneration effect in the Earth. We present our conclusions in Section 5. In the appendices A and B, alternative derivations of formulas for the regeneration factor are given.
Non-adiabatic corrections to the LMA solution
According to the LMA MSW solution of the solar neutrino problem the conversion of the solar electron neutrinos is driven by the two active neutrino mixing, Ψ f ≡ (ν e , ν a )
T :
where, in general, the mixing matrix is determined as U(α) = cos α sin α − sin α cos α
and Ψ mass ≡ (ν 1 , ν 2 ) T is the vector of mass states.
LMA and Adiabaticity
Main feature of the LMA solution is the adiabaticity of conversion. According to LMA the averaged 2ν survival probability of the electron neutrinos is given by the adiabatic formula [2, 20, 21] : 
Here θ is the vacuum mixing angle, θ 
Here ∆m 2 is the mass squared difference, E is the neutrino energy, V is the potential, G F is the Fermi coupling constant and n e (x) is the number density of electrons at the point x.
How precise is the expression (3) , and what are the non-adiabatic corrections? In what follows we will elaborate on the adiabatic perturbation theory to answer these questions.
The dynamics of neutrino conversion is described in terms of the instantaneous eigenstates of the Hamiltonian in matter: ν 1m , ν 2m . Representing an arbitrary neutrino state as |ν = ψ 1m |ν 1m + ψ 2m |ν 2m , we can write the evolution equation in this base as [2, 20, 22] i d dx
where
The adiabatic approximation corresponds to a situation when
and the off-diagonal terms in the Hamiltonian (5) can be neglected. In this case there are no transitions between the eigenstates and the eigenstates propagate independently. The solution of (5) is straightforward:
and the adiabatic evolution matrix is
Here the adiabatic phase Φ(x) equals
The state initially produced as the electron neutrino:
The incoherent survival probability (3) can be immediately obtained by averaging | ν e |ν(x) | 2 .
Non-adiabatic corrections
The non-adiabatic corrections correspond to the transitions between the instantaneous eigenstates. We calculate these corrections by solving the equation (5) . We will implement a perturbation theory using the fact that for LMA the adiabaticity parameter (8) is very small. We search for the solution of evolution equation (5) in the form
where |c(x)| ≪ 1 is supposed to hold everywhere along the neutrino trajectory. (We check this a posteriori).
The expression (14) can be rewritten as
where the evolution matrix equals
Inserting (14) into (5) we find the differential equation for c(x) from the condition that the off-diagonal elements of the evolution equation for ψ im are zero:
Here the first order terms in c(x) andθ m are kept only. In this approximation the energy gap between the states coincides with the adiabatic split ∆(x) given in Eq. (6) . The solutions of the equation (17) can be written in the following form
The integration constant is fixed by the condition : c(x) → 0 asθ m → 0, so that c(x 0 ) = 0. Since for the LMA solution the phase Φ(x) is fast oscillating function, the integral in (18) can be calculated using the formula (essentially the integration by parts)
valid for smooth functions of f (x) and g(x). Here g ′ (x) ≡ dg(x)/dx and f ′ (x) ≡ df (x)/dx. The formula gives very good approximation if f (x)/g ′ (x) ≪ 1, and in the case of integral (18) this condition coincides with the adiabaticity condition (8) which is well satisfied.
According to (19) and (18) we find
or explicitly
where sign(θ m ) =θ m /|θ m |. We will apply this formula for propagation inside the Sun in section 2.3 and inside the Earth in section 4.
Non-adiabatic corrections for propagation inside the Sun
The survival probability with the adiabaticity violation effect included can be written as
where P c = |c(x f )| 2 is the jump probability − the probability of transition ν 2m → ν 1m on the way from x 0 to x f .
Let us calculate P c . Notice that for the LMA solution, when final mixing is large, one can not use the Landau-Zener probability [23] as an approximation for P c . The reason is that for the LMA solution the resonance point is not a special point where adiabaticity is violated most strongly. Indeed, the adiabaticity parameter |4Eθ m /∆| is roughly of the same order if calculated for points inside 0.2 of the solar radius [24] . The point of maximal adiabaticity violation is not the resonant point either, though not far from it. Furthermore, the resonance layer defined as |2EV − ∆m 2 cos 2θ| < ∼ ∆m 2 sin 2θ, is broad since the mixing angle is large. Significant part of the neutrino flux is produced inside the resonance region or does not cross the resonance region at all.
The double exponential formula [25] is not valid too. It requires production of neutrinos far above the resonance region in the density scale. The formula is not applied in the range
for which the density at the production point turns out to be close to the resonance density. For the best fit values of the LMA oscillation parameters this corresponds to E = 2 − 15 MeV, that is, to the region of interest. Let us apply the results of section 2.2 for calculation of the non-adiabatic corrections. Notice that at the surface of the Sun the effective potential V is negligible andθ m can be taken zero. Using Eq. (21) we find the transition amplitude in the Sun (on the way from the production point to the surface) c(x f ) in the leading order approximation as 
Then the probability of the non-adiabatic transition is given by
are the density height and the oscillation length in matter. The last factor in brackets in Eq. (25) is less than or of the order one. The transition probability P c (25) depends only on the parameters of the initial (production) point. One can understand this by noting that l osc (x) ≪ h c (x). Therefore many oscillations happen on the distance in which the potential changes sizably. The contribution to the nonadiabaticity corrections is averaged out being negligible along the trajectory of the neutrino except for the boundaries of trajectory, i.e., around the production point or the point at the surface of the Sun. At the surface of the Sun the contribution can be neglected because the potential is zero.
The probability is determined basically by the square of ratio of the oscillation length and the density height. Second factor in (25) is of the order one. Using the best fit values of the LMA oscillation parameters we find from (24)
The numerical prefactor depends on the production point. As a function of x 0 , the probability P c reaches maximum at around (0.1 − 0.2)R ⊙ , where the potential doesn't drop down substantially and h(x 0 ) reaches its almost minimal value due to increase of the gradient. The corrections are negligible in the whole relevant range of neutrino energies and production points. The probability obtained strongly differs from what one would get using double-exponential formula [25] : ∼ e −4πh/losc < ∼ 10 −400 . Notice that the jump probability equals (up to factor 4) the adiabaticity parameter in the production point squared, as is expected in the adiabatic perturbation theory. This contrasts the Landau-Zener probability, P c ∼ exp(−π/2γ), which is essentially non-perturbative effect.
Averaging over production region: analytic results
In the adiabatic approximation the survival probability depends on the potential (density) in the neutrino production point r 0 :
The observables at the Earth are determined by the survival probability averaged over the neutrino production region:
where G K (r) is the distribution of sources of the K component of neutrino spectrum. The distributions are result of the solar neutrino modeling and they are different for different components. Let us introduce the average value of the potential in the production region for the type K neutrinos:
We will use the fact that in the effective production region, V (r) deviates weakly fromV K . We expand the survival probability in series aroundV K :
Inserting this expression into (29) and using definition (30) we find
Notice that the correction appears in second order in deviation of the potential from average value. The expression for probability can be rewritten as
where the correction δ K equals
In the Table 1 we give the average values of potentials and the corresponding second order deviations from the average values for all eight types of solar neutrinos. We use the distributions of neutrino sources from the BP2000 model [26] . The expansion parameters ∆V
K are all small, especially for the boron neutrinos which have the narrowest distribution of sources.
In Fig. 1 we compare P K obtained from the approximate analytic formula (34) with results of numerical calculations, P Deviations of the probability P K given in formula (34) from the numerically calculated probability, P ′ K for different components of the solar neutrino spectrum.
The Earth matter effect: analytic study
Solar neutrinos arrive at the surface of the Earth as the incoherent fluxes of the mass states. The mass states oscillate in the matter of the Earth producing partial regeneration of the electron neutrino flux [27, 28, 29, 30, 31, 32, 33, 34] . Previously the effect has been described in one or two layers approximation. In particular, interference effects of contributions from the core and the mantle have been discussed [33, 34] . In this section we will consider more general case and study effects for the realistic density profiles of the Earth.
Regeneration factor and the Earth density profile
The probability of the ν 2 → ν e transition can be written as
where f reg is the regeneration factor which describes the Earth matter effect. In the absence of matter (i.e., during the day) f reg = 0. Using the definition (36) we find the survival probability with the regeneration effect included as Notice that the mixing angle θ 0 m in the neutrino production point in the Sun determines the mass (ν 1 , ν 2 ) composition of the neutrino flux arriving at the Earth.
The essential feature of the LMA solution is that the Earth matter effect is small. This smallness is characterized by the ratio η ≡ 2EV ∆m 2 = 0.024
where N A is the Avogadro number. We will use η as the expansion parameter. The ν 2 → ν e transition probability can be written as
where θ mR is the mixing angle in matter at the surface of the Earth and the matrix S(x f , x 0 ) given in (16) describes the evolution of the neutrino eigenstates in matter. Noting that in the matter of the Earth
we find from (14) an expression for the regeneration factor in the lowest order in c(x) and sin(θ mR − θ) as
where V R is the potential at the surface of the Earth and Φ(x f ) is the total phase acquired along the trajectory in the Earth. For the profile with slowly changing density (lowest adiabatic approximation), c ≈ 0, we have
so that the prefactor (the depth of oscillations) is determined by the potential at the surface of the Earth, whereas the phase is given by the integral along the whole trajectory. For one layer with constant potential (density) and therefore c = 0, the regeneration factor (41) or (42) is reduced to the well known expression:
Here L is the distance traveled by neutrino in the Earth and l m is the oscillation length in matter.
Let us consider now neutrino propagation in realistic density profile of the Earth. The profile can be described by n nearly spherical shells of matter with sharp (step-like) density changes on the borders of shells and slow variation of the density in layers between borders. According to PREM model n = 9 [35] . So in ith shell (i = 1, · · · , n), the potential V i is a smooth function of the radial distance r. Crossing j shells corresponds to crossing 2j − 1 layers (see Fig. 2 ). We denote by R i−1 the outer radius of ith shell, so that R 0 corresponds to the radius of the Earth:
The trajectory of the neutrino is characterized by the zenith angle θ Z . We determine the position of neutrino along the trajectory by the coordinate x with origin in the center of the trajectory, so that
L is the total length of the trajectory in the Earth. The length of the interval of the trajectory inside border R i is given by
and L 0 = L by definition. We introduce the adiabatic phase Φ i acquired by neutrinos in the interval −L i /2 < x < L i /2 along the trajectory, that is inside the outer border of the i + 1th shell:
∆(x) is given in Eq. (6). Here we keep the order V 2 term since due to integration its contribution to the phase is not negligible.
At the borders of shells there are jumps of the potential and hence the discontinuities of the mixing angle in matter. We denote them as
At the surface of the Earth, we obtain
Furthermore, we have
Corrections to (50) are of the order η 2 , and hence negligible. Smooth variation of the potential in each shell of the Earth can be approximated by the analytic formula [36] :
Let us find the analytic expression for the regeneration factor for the density profile described above. The problem can be solved in two steps: (1) study of the non-adiabatic corrections to propagation within a given layer, ∆f i ; (2) study of the effect of the borders between layers, ∆f jump i
. So that
The virtue of the LMA solution is that it enables us to study both effects using the same formalism of the adiabatic perturbation theory.
Non-adiabatic corrections in a layer of the Earth
Let us compute the non-adiabatic corrections for one layer. Suppose neutrino trajectory crosses the ith layer with the borders at x = L i /2 and x = L i−1 /2. Using (44) and (51), the potential in this layer can be expressed in terms of the trajectory coordinate as
Here
According to (45) and (54) the gradients of the potential at the borders equal
where y i ≡ R i /R E . Then for this layer Eq. (21) gives the amplitude of non-adiabatic transition
where phases Φ i are defined in (46). Inserting this expression into (41) we obtain the nonadiabatic correction from this layer, ∆f i to the regeneration factor as
The ratio of the absolute value of correction and the adiabatic term equals
where R E plays the role of the typical scale of the density change. As an example let us consider the mantle layer between 0.895R E and 0.546R E . In this layer α = 3.156, β = −1.459 and γ = 0.280 [36] . From (59) we get that the non-adiabatic correction to the regeneration factor is about (1 − 2)% at E = 10 MeV. Notice that for some particular values of energies and θ Z , the contributions ∆f i from different layers i may sum up "constructively" producing larger effect. In this connection let us notice the following.
1) The enhancement effect may occur for exceptional values of E and θ Z and therefore any realistic averaging over E and integration over θ Z will wash it out;
2) The enhancement can not be large (proportional to the number of layers, n) since (i) only a few layers give significant contribution and for the rest, the effect is below 1%; (ii) there is a systematic cancellation of contributions from upper limit of the integration in ∆f i and lower limit of the integration in ∆f i−1 (the adiabatic phases are the same for both); (iii) typically, contributions from two layers of the same shell have opposite signs.
So, we conclude that the non-adiabaticity within layers of the Earth can be safely neglected.
Effects of several layers
The jumps of potential between the layers strongly violate the adiabaticity and on the first glance, the perturbation theory can not be applied. We show, however, that the results for non-adiabatic case obtained in section 2.2 can be also used here. The key point is that for the LMA parameters the Earth matter effects are small, whatever the density profile in the Earth is. Variations of the mixing angle in matter are small: |∆θ m | ≪ θ, and essentially the expansion parameter here is η. Consider the neutrino trajectory which crosses 2n − 1 layers (n shells). At the points x = ∓L i /2 neutrinos cross the border at r = R i , as illustrated in Fig. 2 . The corresponding potential jumps equal ±∆V i for x = ∓L i /2.
Using the expression (7) we obtain in the lowest approximatioṅ
As it has been shown in section 4.2 with a good approximation one can takeθ m = 0 everywhere outside the borders. The evolution equation (5) can be averaged in small intervals ∆x ≪ 1/∆(x) to eliminate δ-functions which originate fromθ m . However, this is not necessary since in the expression for c(x) in (17),θ m is integrated anyway.
Plugging expression (60) into Eq. (18) we obtain
where Φ i are defined in (46).
Inserting the real part of c(L/2) into (41) we find the regeneration factor for the case of n shells crossing:
In the Appendix A we present a rigorous derivation of this factor considering evolution in the sequent layers explicitly. The results of two approaches coincide exactly in the first order in EV /∆m 2 . Noting that V R = ∆V 0 is the jump of the potential at the surface of the Earth, we can rewrite the expression (62) in the following compact form:
So f reg is proportional to the sum of similar terms which correspond to the borders of the shells. Each term is the product of the density jump at a given border and the sine of total adiabatic phase acquired on the part of the trajectory inside given border (that is, from −L i /2 to L i /2 for the border i). The sum runs over all borders including the surface of the Earth. The expression (63) corresponds to the symmetric density profile. The zenith angle dependence of the regeneration factor appears via the phases:
The formula (63) (which is the main result of our study) allows us to get complete understanding of the Earth matter effects including effects of complicated shell structure. Apparently, this is not possible using the one layer approximation (42), where the interference terms induced by different shells are absent.
In Fig. 3 we compare the zenith angle dependence of the regeneration factor calculated using the analytic formula (62) with the one obtained by the exact numerical integration with PREM profile. Two results coincide extremely well. One can see that the analytic formula reproduces quite precisely the magnitude and the phase structure of the regeneration factor.
Let us mark some features. The change of the oscillatory behaviors for cos θ Z > ∼ 0.83 is induced by the sharp density jump at the border between the mantle and the core of the Earth, at r = 0.54R E . Notice that at cos θ Z > ∼ 0.83 the amplitude of oscillations for some periods increases, however, the frequency of large peaks becomes lower. So that the average value of f reg does not increase in comparison with value for cos θ Z < 0.83.
At small cos θ Z the dependence of f reg is the result of interference of terms in (63) which correspond to the outer shells of the Earth. To understand the result, it is convenient to introduce the phase ϕ i :
so that ϕ i /2 is the phase acquired by neutrino on the way from the surface of the Earth to r = R i . Using ϕ i we can rewrite the expression for regeneration factor (63) as
Apparently if averaging over ϕ i occurs only the term with i = 0 survives (ϕ 0 = 0) which is reduced to the adiabatic expression for one layer. The increase of regeneration factor with cos θ Z in the range 0.2 to 0.4 can be understood as follows. The PREM profile has three density jumps close to the surface of the Earth at depths 10 km, 22 km and 31 km correspondingly. If ϕ i are large, the terms sin Φ 0 sin Φ i for different i (i = 1, 2, 3) are quite different and therefore partially cancel each other ("interfere destructively"). This happens in the case of small cos θ Z . Indeed the distance at which ϕ i are acquired, L − L i , depend on the zenith angle as
(R E − R i are the depth from the surface of the Earth to the borders of the shells). For cos θ Z < ∼ 0.2, L − L i can be of several hundreds kilometers which are comparable to or larger than the oscillation length. Furthermore, L − L i and ϕ i are fast changing functions of θ Z . So, ϕ i are large and different for different i.
On the other hand if cos θ Z > ∼ 0.5, the distances L−L i (i = 1, 2, 3) for the outer shells become much smaller than the oscillation length and they slowly change with respect to cos θ Z . In this case the phases ϕ i (i = 1, 2, 3) are all small and sin Φ 0 sin Φ i ≈ sin 2 Φ 0 . So, for cos θ Z > 0.5 the effects of outer shells "interfere constructively" producing larger regeneration factor. It is then legitimate to account these close layers effectively as a single layer, as it was done in Ref. [36] . The increase of the magnitude of the regeneration factor in the transition region cos θ Z = (0.2 − 0.5) corresponds to converging of the term sin Φ 0 sin Φ i (i = 1, 2, 3) to sin 2 Φ 0 .
Averaging over the neutrino energy
For LMA the oscillation length in the Earth is small: l m ≈ l ν ≪ R E . Since the time of the neutrino detection is well known the averaging over the zenith angle can be avoided, and in fact, in the unbinned analysis of the data developed recently [6] one needs to know the zenith angle dependence without averaging. At the same time since the recoil electron (and not neutrino) energy is measured and a detector has finite energy resolution, averaging over the neutrino energy occurs. In the leading approximation the phase equals
. Therefore the energy resolution ∆E corresponds to averaging over the interval of phase:
If L − L i ≫ l m , so that ϕ i ≫ 1, the interval ∆ϕ i can be large, thus leading to strong averaging of terms sin Φ 0 sin Φ i in (63). This happens to contributions from the structures situated far from the surface of the Earth (see Fig. 4 ). In this figure we show the result of averaging of the regeneration factor folded with the cross section of the neutrino-electron elastic scattering over two different energy intervals. Comparing with Fig. 3 , one sees that the complicated oscillatory pattern produced by the density jumps in the central regions of the Earth is strongly averaged when cos θ Z is large (for general analysis of this effect see [37] ). According to Fig. 4 for cos θ Z > ∼ 0.4 the regeneration factor oscillates with small depth around f reg ≈ 1.5%. This happens because the main term sin 2 Φ 0 is strongly averaged too. In contrast, for cos θ Z < ∼ 0.2 only the outer structures of the Earth can contribute and the averaging is not as efficient as for large cos θ Z . Indeed, for the borders of outer shells
, can be about a few hundreds kilometers, that is, comparable to the oscillation length in matter. In this case the phase interval ∆ϕ i ≈ ϕ i ∆E/E is still not large enough to give sufficient averaging. For cos θ Z < 0.4, ∆Φ 0 ≈ Φ 0 ∆E/E is also small and the averaging is weak. Furthermore, in the interval cos θ Z = (0.2 − 0.4) the regeneration factor increases with cos θ Z . The reason is that in this interval the main term, sin 2 Φ 0 , starts to "interfere constructively" with the terms produced by the outer shells, sin Φ 0 sin Φ i (i = 1, 2, 3), as it has been discussed in section 4.3.
In Fig. 5 and 6 we show the dependence of the regeneration factor for the charged current events at SNO. Here we have taken into account the energy resolution of the SNO detector and also performed integration over various energy bins of the observed kinetic energy. On the basis of our analytic formulas and the discussion, the interpretation of results of Fig. 5 and 6 is straightforward.
Small scale structures: general density profile
There are small scale structures at the very outer mantle of the Earth with depth of the order of tens kilometers in which matter has quite different densities (e.g., ocean, rock and soil). In contrast to the ideal PREM model, these structures are not isotropically distributed and can be quite complicated.
We have shown in section 4.3 for the ideal PREM model that contributions given by structures close the surface of the Earth interfere strongly for small cos θ Z . Furthermore, averaging over the energy doesn't smooth the dependence of these contributions on cos θ Z completely. This produces an uncertainty for the future solar neutrino experiments (see also comments in [38] ) unless the local density distribution is well known [39] . In view of this we will proceed beyond Eq. (63) and consider general (not spherically symmetric) density profile. Suppose neutrinos cross k layers of matter. Density jumps occur at the points x = x i (i = 1, · · · , k − 1). x = x 0 and x = x k are the points where neutrinos enter and leave the matter correspondingly. Similarly to (60) we parametrizeθ m aṡ
where the jump of potential at the ith border between layers is
ǫ is the infinitesimally small distance. Noting that the potential is zero for neutrinos before entering the Earth and after leaving the Earth, we define also
Plugging the potential jumps into (18) gives
where is the phase acquired from a given border i to the final point of the trajectory (detection).
Now it is straightforward to compute the regeneration factor. In the leading order in EV /∆m 2 we obtain the following:
In Appendix B a direct computation of f reg for this case is given. Its result coincides with (73) in the leading order in EV /∆m 2 . Using this formula one can easily reproduce (63) by assuming a symmetric density profile and taking into account that Φ i = (φ i − φ k−i ) for k = 2n − 1 and i < n.
Using (73) it is easy to study averaging effects following the discussion in section 4.4. Structures situated far from the detector have φ i ≫ 1. So that, after averaging remote structures do not produce significant effect. However if the energy resolution is improved, effects of these remote structures can be more significant. This agrees with general consideration in [37] .
Thus we have arrived at the following conclusion. If cos θ Z is large, small scale structures near the entering point can be taken effectively as a single layer. Furthermore, averaging over the energy makes effects of these small structures not important because these small structures are remote.
If cos θ Z is small, we can not consider small scale structures near the entering point as a single layer. But uncertainties given by these structures can be significantly reduced if an averaging over broad energy interval, i.e. ∆E/E ∼ 1, is performed. After averaging, regeneration factor still shows an oscillatory behavior in the region of small cos θ Z , but this effect is produced by the contributions of the structures close to the detector [37] .
Conclusion
We have performed detailed analytic study of the LMA MSW conversion of the solar neutrinos. Our main result is the precise analytic formula for the survival probability which includes nonadiabatic corrections, averaging over the neutrino production region and the Earth regeneration effect. For the K component of the solar neutrino spectrum (K = pp, pep, Be, N, O, F, B, hep) it can be written as
Here δ K , the correction due to averaging effect is given in Eq. (35), the average value of matter potential in the production region of K component,V K , is defined in (30) , and the numerical values are presented in the Table 1 . The regeneration factor f reg is given in (62) for the symmetric density profile and in (73) for general asymmetric density profile. Effect of averaging over the neutrino production region in the Sun is reduced to specific value of the initial mixing angle in matter which should be taken for the average value of the potential, θ 0 m = θ m (V K ), and to the appearance of the correction δ K . We have compared the analytic results with the results of the numerical computation and found that maximal deviation ∼ 1.8% happens for the hep neutrinos. For the boron neutrinos the precision is better than 0.2%.
We have obtained precise analytic formula for the regeneration effect in the Earth using the realistic density profile. We present very simple derivation of this formula which uses the adiabatic perturbation theory. We show that this derivation is correct by performing also explicit calculations of the evolution in sequent layers. The analytic formula reproduces results of numerical computations with accuracy determined by η ∼ 1 − 2%.
Essentially the regeneration effect is the sum of contributions from different shells which are determined by jumps of the potential at the borders and by the adiabatic phase acquired inside the outer borders of the corresponding shells. The dependence of the regeneration factor on the zenith angle can be easily understood in terms of interference of contributions from different borders.
The derived analytical formula allows us to understand the effects of averaging over the neutrino energy. Using the analytical formula we have considered effects of small scale structures (∼ 10 km) of the Earth profile. These effects can be important for small values of cos θ Z .
We stress that local "perturbations" of the density profile can produce sizable uncertainties in f reg .
Appendix A. Regeneration factor in a symmetric density profile
Let us obtain the regeneration factor by considering evolution of neutrino in sequent layers of the Earth explicitly. We find first the complete evolution matrix,Ŝ in the basis of the mass eigenstates in vacuum Ψ T ≡ (ν 1 , ν 2 ):
As discussed in section 4.2, the adiabaticity violation effect within layers is suppressed by 2E/(∆m 2 R E ) ∼ 1 − 2% in comparison with the leading order Earth matter effect (∼ η). Therefore we neglect the adiabaticity violation within layers. 1). In the case of neutrino propagation in one shell (one layer) we can simply project the adiabatic evolution matrix (11) obtained for the matter eigenstates on to the basis of the mass states. In the leading order in EV /∆m 2 we find
Here ∆θ m0 ≡ θ mR − θ is the jump of the mixing angle at the surface of the Earth. We have used Eq. (50) and Φ 0 is defined in Eq. (46). 2). In the case of two shells crossing, the neutrino encounters three layers (the outer shell is crossed twice). The evolution matrix can be similarly obtained by using the adiabatic evolution matrix (11) in each layer and by the rotation from the matter eigenstates basis in the layer before the border to the basis after the border. As a result, we find
Here S 1 is the evolution matrix in the inner shell which has a form similar to Eq. (76) and can be written as
Here ∆θ m1 is the jump of the mixing angle on the border between the first and the second shells, and Φ 1 is defined in Eq. (46).
Combining the last two formulas we find to the order EV /∆m
E∆V i sin 2θ ∆m 2 (e −iΦ i − e iΦ i ) 0 1 1 0 .
3). Suppose the evolution matrix for crossing j shells (2j − 1 layers) equalŝ
E∆V i sin 2θ ∆m 2 (e −iΦ i − e iΦ i ) 0 1 1 0
Consider now the trajectory with j + 1 shells crossings. The evolution matrix iŝ
where ∆θ mi defined in (48), is the jump of the mixing angle in matter at the border R i . S j is the evolution matrix in the central shell which can be written similarly to Eq. (77) as
Φ j is given in Eq. (46). After insertion into (80) the first term of (81) leads toŜ j . The second term in (81) is already of the order EV /∆m 2 . Note that ∆θ mi is small as is shown in (50). So we can approximate U(∆θ mi ) by the unit matrix when plugging the second term in (81) into (80). As a result, we find S =Ŝ j + E∆V j sin 2θ ∆m 2 (e −iΦ j − e iΦ j ) 0 1 1 0 .
Using then expression (79) forŜ j , the formula (79) is immediately extended to the case of crossing j + 1 shells, thus accomplishing the proof. The result for the case of n shells crossing isŜ
Using (83) we obtain the expression for the regeneration factor in the leading order in EV /∆m 2 as f reg = sin θe −iΦ 0 + cos θ 
where Φ i is given in (46) and ∆V i is defined in (47). This expression coincides with (62) or (63) which are obtained in section 4.3 using the adiabatic perturbation theory.
Appendix B. Regeneration in asymmetric density profile
As in the section 4.5, we define
where ∆θ 0 = θ m (x 0 ) − θ and ∆θ k = θ − θ m (x k ), and x = x i are the points of density jumps. x 0 and x k are initial and final points of neutrino trajectory in matter. We will use the following expression:
sin ∆θ i ≈ E∆V i ∆m 2 sin 2θ, cos ∆θ i ≈ 1,
which is a good approximation in the leading order in E∆V /∆m 2 . ∆V i is given in (69). Neglecting the adiabaticity violation within each layer, we obtain the evolution matrixŜ aŝ
S ad (x, x 0 ) = S ad (φ(x)) is the adiabatic evolution matrix given in (11). We approximate U † (∆θ i ) as 
It coincides with (73).
